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overview

® periodicity: seasonality, recurrences, chaos

Y de|ay5: Mackey—GIass [1] bifurcation diagram 1, characteristic roots
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® numerical methods:
— periodic solutions, by collocation of BVPs [2]
— Floquet multipliers, by collocation of monodromy operators [3]
— consolidated for delay differential equations: DDE-Biftool (AUTO, MatCont)

[1] Mackey, Glass — Science 1977
[2] Engelborghs, Luzyanina, In 't Hout, Roose — SISC 2001
[3] B., Maset, Vermiglio — SINUM 2012
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coupled equations

x(t) = F(x¢, ye) (RE)
y'(t) = G(xt, yr) (DDE)

x¢ € X:=L([—71,0; R¥x), % (0) :=x(t +0), 8 € [-7,0]
Yy € Y= C([—7, 0]; R4Y), defined as x;

® F:XxY =R, G:XxY—=R3 nonlinear, smooth, F integral in X

e interest in realistic models (e.g., Daphnia [1])

[1] Diekmann, Gyllenberg, Metz, Nakaoka, de Roos — JMB 2010
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facts

e extend piecewise collocation [1] (m-degree polynomials, L intervals):

MUZEijH+mH—XH+mN6

y'(t) =yx(t){x(t — D)1 —x(t — 1)] =x(t = 3)[1 —x(t = 3)]} + y(t)
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® lack of a general proof of convergence due to unknown period (even for DDEs)
e [3] inspired by [2]

[1] Engelborghs, Luzyanina, In 't Hout, Roose — SISC 2001
[2] Maset — NM 2016, SINUM 2015 | and Il
[3] Ando, B. — submitted
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time scaling and BVPs

e for G:Y — RY defined on a state space Y of functions [—t, 0] — R¢ let

y'(t) = G(y:)
have an w-periodic solution (w > T)

® as w is unknown, let t = s (t) := t/w to get a 1-periodic solution of

® equivalent BVPs:

y/(t) = wG(ytosw)

classic, y € [0, 1]

"(t) = wG(yrosy) tel0 1],

Halanay, y € [-1, 1]

y'(t) = wG(yrosy), t€[0,1],
Yo =Y1
P(Ylo) =0

(p suitable phase condition)
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from BVP to fixed point

recast

Yo =Y1

{y’(t) = wG(ytosy), t€[0,1],
P(Ylp,) =0

as follows by choosing suitable spaces of functions
—in [0, 1] for the derivative (U)

—in [—1, 1] for the solution (V)

—in [—1, 0] for the initial function (A)

find (v*, w*) € V x R with v* = §(u*, {*) for
G:UxA—YV, S(u,ll))(t)::{

and (u*,P*, w*) € U x A x R a fixed point of

wG(G(u, ). o50)
O:UxAxR—->UxAxR, D(u, P, w) = S(u, )y

w —p(S(w, Plo,1)

v

periodicity, delays and numerical methods in biomathematics: a recent account

/11



collocation

® set X:=UxAxR
e define Xy := U x A; x R based on piecewise collocation with m-degree poly-
nomials on L intervals via
— restriction Ry : X — Xp.
— prolongation Pr : X — X
— projection TT{ :=P R : X = X
® use
— Ry ®P; : X{ — X for computation
—TIL® : X — X for convergence (L — oo, fixed m)
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stability, consistency and smoothness

® assume existence of isolated fixed point x* of ®@:
— @ Fréchet differentiable
— D® locally Lipschitz at x*
— [Ix — D®(x*)]7! exists bounded

® compare exact and discrete problems

x* = O(x"), xp =TI D(x])

to get
Ix =TI DO (x")(x] =x*) =TT [@(x] ) — O (x*) — DO (x") (x| — x™)]+TTLx" —x*
through

Xf —x* =T O (x]) — O(x*

=TI [@(x]) = D (x")] + [MLO(x*) —x7]
=TTL[D(x]) — O(x*) — DO(x*)(xf —x*)] + LD (x*)(x] — x*)
+TT x* — x*
® existence and uniqueness of x{ and convergence of x{ to x* ask for
— [Ix =TT D®(x*)]~! exists uniformly bounded (stability)
— ||ITTLx* — x*[|x — O (consistency)
— L@ (x}) — D(x*) — DD (x*) (x; —x*)]||Ix < k|[x; —x*||x uniformly, k small
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role of periodicity

wG(S(w, ). os0)
O(u, P, w) := S(u, ),
w —p(Guw b)lp,1)

o @ Fréchet differentiable:
— 00 G(9(w, ). 05y ) asks for some regularity in V, but not too much (not C?)

— use right-hand derivatives (correct with delays)

e failure of classic BVP, for which
t

G(u, &)(t) := oc+J u(s)ds, te[0,1], x eR
0

— DO locally Lipschitz at x*: G(u, «). not even continuous, unless
1
J u(s)ds =0
0

— [Ix — D®(x*)] ! exists bounded: given any & € R, find o € R such that

o= G(u, a)(1) + o,

impossible if u as above
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error and convergence

Theorem. Let x* = (u*,{*, w*) be an isolated fixed point of @ with ® Fréchet
differentiable, D® locally Lipschitz at x* and let [Ix — D®(x*)]~! exist bounded.
Then, for sufficiently large L, RL®Pr has a unique fixed point x{ = (uj, ¥}, wy)
and

(VD wp) = (v, w")[lvxr < &|[TTx™ —x*[|x

holds for vi := G(m; uf, 7, ¥} ) and k constant (7 interpolant).

Theorem. Let G € C9(Y,IR?) for some integer ¢ > 1. Then u* € C9([0, 1], R4),
P* € CI*1([—1,0],RY), v € CI9*1([—1, 1], RY) and

[Mex* —x*[|x = O (L~ mntmal)

® one order less than [1]: the Halanay formulation requires to discretize also A

® same order as (experimented) in the literature of periodic BVPs

[1] Maset — SINUM 2015 |
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next

® convergence as m — oo for fixed L not proved, yet

y'(t) =yt —y(t—1)] 1074
107
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e proofs for REs and REs/DDEs
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e proofs for REs and REs/DDEs

® thanks to
— S. Maset (Trieste), J. Sieber (Exeter), D. Barton (Bristol)
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next

® convergence as m — oo for fixed L not proved, yet

y'(t) =yt)A—y(t—1)]

e proofs for REs and REs/DDEs

® thanks to
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— S. Maset (Trieste), J. Sieber (Exeter), D. Barton (Bristol)

— you all for the attention!
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